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Due to the resemblance between Maxwell and the gravitomagnetic equations ob-
tained in the weak field and slow motion limit of General Relativity, one can ask if
it is possible to amplify a seed intrinsic rotation or spin motion by a gravitomagetic
dynamo, in analogy with the well-known dynamo effect. Using the Galilean lim-
its of the gravitomagnetic equations, the answer to this question is negative,due
to the fact that a ”magnetic” Galilean limit for the gravitomagnetic equations is
physically inconsistent.
1 Gravitomagnetic and Maxwell equations
I am sure that this subject is well-known to the reader, so I will try to go
quickly in this introductory section.
This work is devoted to the possibility of a gravitomagnetic dynamo, which
would amplify and maintain an initial seed spin motion. The starting point is
the resemblance between Maxwell and the linear and slow motion aproximation
of the Einstein’s equations
Hence, I do not start from the full non-linear Einstein’s equations, to
develop, after the projection into the local rest spaces of a congruence of ob-
servers, the Maxwell analogy in General Relativity, based on the correspon-
dence between the Faraday tensor of the electromagnetic field and the Weyl
tensor of the gravitational tidal field. This analogy has been developed in
several recent papers, however, it was put forward and clearly exposed in the
references 1, 2, 3, 4, 5.
This approach was done without any aproximation and, in this framework,
the Bianchi identities are dynamical and the Einstein equations can be inter-
preted as constitutive relations of a 4-dim non-linear elastic continuum, (this
can be seen in 6).
As I said, I will follow a more simple path in this work and I will start from
the linearized Einstein’s equations. On this line, to begin with, I will basically
use the corresponding chapters of the following books, 7, 8, with some changes
in the notation and new symbols.
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To center the subject, we begin with several historical remarks, perhaps
not always sufficiently reminded. In the Newtonian theory of gravity, no fun-
damental gravitational force is associated with the rotation of a mass. In this
theory, if a body rotates, the gravitational force it exerts on other masses
changes only to the extent that the matter distribution within the body is af-
fected by the rotation. The Newtonian gravitational force is only associated to
the distribution of mass at a time, but not with the state of intrinsic rotation
of this mass.
The development of electrodynamics in the last century and the close anal-
ogy between Coulomb’s law of electrostatics and Newton’s law of gravity, led
to Holzmu¨ller (1870) and Tisserand (1872), to suggest that a gravitational
”magnetic” (or better rotational) force is associated with a rotating mass due
to the ”mass current” generated by the rotation, in close analogy with electro-
dynamics.
Later Heaviside (1893), in an appendix of his book On Electromagnetic Theory
and assuming wave propagation for the gravitational field as for the electro-
magnetic one, wrote Maxwell’s equations for gravitating bodies. Changing in
this case, either the sign of the sources or the sign of the fields, to account for
the attractive nature of the gravitostatic Newtonian field between masses.
Heaviside, in a sucessive paper, applied these Maxwell-like equations for
gravity to the motion of the Sun-Earth system through the cosmic ether, in
order to explain the excess perihelion precession of Mercury by the new grav-
itational ”magnetic” force.
The Mercury perihelion precession was explained several years later by
the Einstein non-linear theory of gravity. Thus, the ad hoc introduction of
a gravitational ”magnetic” field by Heaviside became moot until Lense and
Thirring (1918) and Thirring (1921) showed that, a certain gravitomagnetic
field is indeed associated with the rotation of a mass, in the framework of the
weak field aproximation to General Relativity.
Beginning by the Einstein’s equations
Rab −
1
2gabR = −8pi Tab, (1)
where a, b = 0, 1, 2, 3, are space-time indices and we use geometrized units,
G = c = 1. If the gravity field is weak the metric (gravitational potential) gab,
can be descomposed as
gab = ηab + hab, (2)
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where ηab = diag (1,−1,−1,−1) is the Minkowski metric and hab is the per-
turbation due to the weak gravity field. Usually, it is more convenient to use
a ”new” perturbation h¯ab, for calculational purposes and physical reasons.
gab = ηab + h¯ab −
1
2 ηab h¯, (3)
where h¯ = h¯aa is the trace. Introduce now the object
Gabc = 14 (h¯
ab,c − h¯ac,b + ηab h¯cd ,d − η
ac h¯bd ,d), (4)
where “, represents the partial derivative. Impose now a Lorentz-like gauge
condition in analogy with electrodynamics, which represents the choice of har-
monic coordinates:
h¯ab ,b = 0. (5)
From (4) and (5)
Ga[bc] = Gabc, (6)
G[abc] = 0, (7)
Gd[ab,c] = 0, (8)
where [··] is the antisymmetry symbol.
Putting (3) and (4) into (1) and keeping only linear terms, one obtains the
weak field equations:
∂Gabc
∂xc
= −4pi T ab. (9)
Introduce, now, new symbols
g = (g1, g2, g3) gi = G00i i = 1, 2, 3
a = (a1, a2, a3) ai = 14 h¯
0i
b = (b1, b2, b3) b1 = G023 b2 = G031 b3 = G012
b = ∇ ∧ a G0ij = ai,j − aj,i.
(10)
Put (10) into (8) and (9), one obtains, when the first order effects of the motion
of the sources are taken into account, the following Maxwell-like (gravitomag-
netic) equations, invariant under the Poincare´ (or even Conformal) group.
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∇g = −4piT 00 = −4pi ρ, (11)
∇ ∧ b = −4pi ρu+
∂g
∂t
, (12)
∇ ∧ g = −
∂b
∂t
, (13)
∇b = 0. (14)
Also, from the geodesic equation (equations of motion)
d2xa
dτ2
+ Γabc
dxb
dτ
dxc
dτ
= 0, (15)
for a weak stationary field, one obtains the Lorentz-like force law
du
dt
= g + 4u ∧ b, (16)
where u is the velocity of the test particle. Note the factor 4 in the gravit-
omagnetic force term. Moreover, for a weak stationary field one obtains the
gravitomagnetic potential
a = − 12
S ∧ r
r3
, (17)
and the gravitomagnetic field
b = ∇ ∧ a = − 12
3n(S · n)− S
r3
, (18)
where S is the intrinsic angular momentum of the source and n is the unit
position vector. These equations are analogous to the electromagnetic ones,
changing the magnetic dipole moment by minus twice the angular momentum.
They are used in the GP-B gyroscope and LAGEOS III experiments to obtain
the precession of a test body due to b field. Finally, note that the electro-
magnetic analog further iluminates the interdependence of the mass-energy
currents effects (Lense-Thirring precession) and mass-energy effects (DeSitter-
Fokker or geodetic precession), which in the electric-Galilean limit (will be
discussed), are related as
b′ = b− v ∧ g, (19)
where b′ would be the gravitomagnetic field measured, for instance, in the
proper frame of the gyroscope, b would be measured in a ”fixed” laboratory (at
a terrestial Pole, for example) and v∧g, contributes to the geodetic precession.
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2 Magnetic dynamo theory
The term ”dynamo action or effect” in magnetohydrodynamics (hereafter MHD)
is generically used to describe the systematic and sustained generation of mag-
netic energy as a result of the stretching action of a velocity field u, on a
magnetic field B. In other words, if a conducting fluid moves in a magnetic
field B, the flow will be affected by the force due to the interaction between
B and the currents of the fluid. Also, B will be modified by the currents of
the fluid and this is just the dynamo effect.
We do not write down the whole forbidding set of PDE of MHD, whose
complexity precludes any hope of a systematic analytic or even numerical treat-
ment. Instead, one studies particular aspects or makes simplifyng hypotheses.
One of them is the so-called kinematic approach to the dynamo effect. In this
approach, the velocity field u of the fluids regarded as known for any time
and fixed and the back reaction of the magnetic field B on u, via the Lorentz
force, is assumed negligible. The kinematic dynamo is the most simple case
of self-excited one and considers the evolution (amplification) of the magnetic
field according to the induction equation:
∂B
∂t
= ∇ ∧ (u ∧B) +
1
4pi
ηe∆B, (20)
being ηe, the resistivity or difussivity (for insulators is infinite, for plasmas is
cero), the reciprocal of the electric conductivity σ.
ηe =
1
σ
(21)
The induction equation is obtained by taking the ”macroscopic” magnetic
Galilean limit (will be discussed) of Maxwell’s equations, when the displace-
ment current is neglected. In this limit the Ampere equation is:
∇ ∧B = 4pi J . (22)
From this and from the Ohm’s law:
J = σ(E + u ∧B), (23)
one can obtain a expression for the electric field E and substituting it into the
Faraday’s equation
∇ ∧E = −
∂B
∂t
, (24)
one obtains the MHD induction equation (20). Of course, we do not will study
in this work the usual magnetic dynamo coupled to the gravitomagnetic field
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of a Kerr metric. This very interesting study has been recently initiated and
developed by Khanna and Camenzind in several papers. They build its for-
malism upon the membrane paradigm for black hole horizons of Damour and
Thorne & Macdonald. See for instance, 9 10.
Instead, I will try to propose a similar mechanism to the magnetic dynamo
effect in gravitomagnetism, to amplify b and hence the intrinsic angular mo-
mentum S, due to the fact that we have Maxwell-like equations for gravity at
our disposal. However, the key equation of the kinematic magnetic dynamo,
which stablish the loop to amplify B is the Ohm’s law. Do we have a similar
equation in gravity?.
3 An analog for gravitomagnetism of the Ohm’s law
Our main radical and new idea is that, in order to have a gravitomagnetic
dynamo, the source fluid can not be a perfect fluid. The fluid must be ”not
dry”, wet, and hence must have viscosity. But, as viscosity is a tensorial
object and as we need a scalar, we only consider its trace, the viscous pressure,
neglecting the shear viscosity. Viscosity (viscous pressure) η, will be the analog
in gravitomagnetism of the resistivity ηe, for a conducting electrical medium.
Our Ohm’s-like law for the moving viscous fluid, in a moving frame, will
be:
j = ρu = δ (g + u ∧ b) , (25)
where j is the mass current that appears in the first term of the r.h.s. of (13)
and being δ = 1/η, the ”dryness” of the viscous fluid.
The reason of this analogy is based on the following physical picture of
the Lense-Thirring effect. Consider, for instance, the GP-B gyroscope which
will be Fermi transported along his trajectory. His precession will be measured
by a Frenet-Serret transported frame (or fixed with respect to distant stars).
This preccesion could be pictured by considering a spinning sphere immersed
in a viscous fluid and a rod (the axis of the spinning gyroscope). If the rod is
placed, at the poles, into the viscous fluid, orthogonal to the axis of rotation
of the sphere, it would precess in the same direction as the sphere rotates.
However, if the rod is placed at the equator, also orthogonal to the axis of
rotation of the sphere, then, it would precess on the opposite direction to the
sense of rotation of the sphere.
4 Galilean limits of the gravitomagnetic equations
It is well-known that Maxwell’s equations and the Lorentz force law have two
different kinds of Galilean limits: electric and magnetic. This is due, from the
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mathematical point of view, to the existence of two different kinds of Galilean
four-vectors. Starting from a Lorentz four-vector, for instance (ρe,J), this
can be more timelike, i.e., |ρe| >> |J |, and in this electric Galilean limit, its
transformation under the Galilean inertial one is
ρ′e = ρe, J
′ = J − v ρe, (26)
and for the electric E and magnetic field B one obtains:
E′ = E, B′ = B − v ∧E. (27)
Alternatively, the current four-vector can be more spacelike, i.e., |ρe| <<
|J |. This case corresponds to the magnetic Galilean limit and the correspond-
ing transformation formulas are:
ρ′e = ρe − v J , J
′ = J (28)
E′ = E + v ∧B, B′ = B. (29)
Physically, in the electric limit one describes situations where isolated elec-
trical charges move at low velocities. On the other hand, the magnetic Galilean
limit is the usual situation at the macroscopic level where magnetic effects are
dominant, due to the balance between negative and positive electric charges.
This magnetic Galilean limit is the proper one that is used in magnetic
dynamo theory but it is not possible in gravitomagnetism, where we do not
have negative masses at our disposal. Thus, in gravitomagnetism, if we take
a Galilean limit, this must necessarily be of the electric (almost Newtonian)
kind and describe situations where isolated masses move at low velocities. In
this electric (almost Newtonian) limit, the gravitomagnetic equations (12,13
and 14) have the same expressions, but there is an important difference, in
this limit the Faraday-like equation (14) has not induction term, this equation
now read
∇ ∧ g = 0, (30)
And the Lorentz-like force law (16), is reduced in this electric (almost newto-
nian) limit, by imposing Galilean invariance, to:
du
dt
= g, (31)
And finally, in this electric (almost Newtonian)-Galilean limit, the transforma-
tions laws of the fields, under Galilean inertial transformations, read as:
g′ = g, (32)
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b′ = b− v ∧ g. (33)
Hence the gravitomagnetic field b exists, but has no observable effects at the
level of forces and torques. Moreover, in this limit, the proper one for gravity, it
is impossible to build a gravitomagnetic dynamo even if we have an Ohm’s like
law for gravity as (25), because we do not have, at our disposal, an induction
term in the Faraday’s equation.
The only possibility that remains, in my opinion, to construct a gravito-
magnetic dynamo, would be to consider a non-relativistic generalized Newto-
nian theory of gravity of the kind introduced by Bel 11. This possibility will
be explored in a future work.
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